Discover the Journey of Shapes: From
Classical Geometries to Elementary
Differential Geometry

Geometry, the study of shapes and their properties, has fascinated
mathematicians for centuries. From the ancient Greeks who laid the foundation
for classical geometries to the modern mathematicians who explore the
complexities of differential geometry, this field has evolved significantly. In this
article, we dive into the world of geometries and explore the journey from

classical geometries to elementary differential geometry.

Classical Geometries

Classical geometries refer to the fundamental principles of geometry established
by Euclid and other early mathematicians. Euclidean geometry, developed
around 300 BCE, introduced axioms and postulates to define points, lines,
planes, and circles. It laid the groundwork for the geometric concepts that are still

widely studied today.
Following Euclidean geometry, other classical geometries emerged, such as:
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1. Spherical Geometry: This geometry deals with shapes on the surface of a

sphere. It introduced the concept of curved space.

2. Hyperbolic Geometry: Hyperbolic geometry explores shapes with negative
curvature. It challenges Euclid's parallel postulate and plays a significant role

in modern theories of non-Euclidean geometry.

3. Projective Geometry: Projective geometry focuses on the properties of
figures that remain invariant under projection. It extends the notions of

points, lines, and circles to include infinity.

Revolution of Non-Euclidean Geometries

During the 19th century, mathematicians began to question Euclid's fifth
postulate, also known as the parallel postulate. This postulate states that through
a point not on a given line, only one line parallel to the given line can be drawn.
The revolutionary idea that this postulate might not hold true led to the

development of non-Euclidean geometries.

Mathematician Nikolai Lobachevsky introduced hyperbolic geometry, which
contradicted Euclid's parallel postulate, offering an alternative concept of parallel
lines. This groundbreaking discovery challenged the mathematical community

and opened the doors to new possibilities in the understanding of space.

Independent of Lobachevsky, mathematician Janos Bolyai also explored non-
Euclidean geometries. His work on hyperbolic geometry marked a turning point in
the development of the mathematical field, allowing mathematicians to question

previously established truths and expand their thinking.
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The Birth of Differential Geometry

Differential geometry, a branch of mathematics that deals with the study of curved
surfaces and manifolds, was established in the 18th and 19th centuries. While
classical geometry mainly focused on the study of idealized geometric objects,
differential geometry introduced tools to analyze shapes with intrinsic curvature

and properties.

Mathematicians Carl Friedrich Gauss, Bernhard Riemann, and Elie Cartan
contributed significantly to the development of differential geometry. Gauss's work
on curved surfaces paved the way for Riemann's breakthroughs, who introduced
the concept of Riemannian geometry to study curved spaces in higher
dimensions. Elie Cartan brought differential forms and exterior calculus into the

field, further enriching the subject.

Applications of Differential Geometry

Differential geometry plays a crucial role in various scientific fields and

applications:

» Physics: Differential geometry provides the mathematical language for
describing space-time in Einstein's theory of general relativity. It helps

analyze the curvature of space caused by massive objects.

» Computer Graphics: Differential geometry techniques are used in computer
graphics to model and render complex shapes with smooth surfaces and

realistic lighting effects.

» Robotics and Control Systems: Differential geometry helps in understanding

the dynamics and control of robotic systems with complex motions.

» Shape Analysis: Differential geometry tools aid in the analysis and

recognition of shapes from medical imaging to facial recognition algorithms.



From classical geometries to elementary differential geometry, the journey of
shapes has been a fascinating one. Starting from the axioms and postulates
devised by ancient mathematicians, the field has evolved and expanded, leading
to the discovery of non-Euclidean geometries and the birth of differential
geometry. This branch of mathematics has unlocked the secrets of shapes and
found applications in various scientific and technological domains. By
understanding the geometric properties of objects in the world around us, we can

gain profound insights into the fundamental nature of our universe.
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This self-contained 2007 textbook presents an exposition of the well-known
classical two-dimensional geometries, such as Euclidean, spherical, hyperbolic,
and the locally Euclidean torus, and introduces the basic concepts of Euler
numbers for topological triangulations, and Riemannian metrics. The careful
discussion of these classical examples provides students with an to the more
general theory of curved spaces developed later in the book, as represented by
embedded surfaces in Euclidean 3-space, and their generalization to abstract
surfaces equipped with Riemannian metrics. Themes running throughout include

those of geodesic curves, polygonal approximations to triangulations, Gaussian
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curvature, and the link to topology provided by the Gauss-Bonnet theorem.
Numerous diagrams help bring the key points to life and helpful examples and
exercises are included to aid understanding. Throughout the emphasis is placed
on explicit proofs, making this text ideal for any student with a basic background

in analysis and algebra.
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