
Numerical Verification Methods And Computer
Assisted Proofs For Partial Differential
Equations: Unlocking the Secrets of
Mathematical Certainty
Are you tired of mathematical uncertainty? Do you wish there were better ways to
verify the solutions of complex partial differential equations? Look no further! In
this article, we will explore the fascinating world of numerical verification methods
and computer-assisted proofs for partial differential equations. Prepare to be
amazed as we uncover the secrets of unlocking mathematical certainty!

What are Partial Differential Equations?

Before we delve into the world of numerical verification, let's first understand what
partial differential equations are. In simple terms, they are mathematical
equations that involve multiple variables and their partial derivatives. These
equations are used to describe various phenomena in physics, engineering, and
other scientific fields. Solving partial differential equations is essential for
advancing our understanding of the physical world.

The Challenge of Verification

Solving partial differential equations is no easy task, and even the brightest
mathematicians can make mistakes. Therefore, it becomes crucial to have
methods to verify the accuracy of solutions and proofs. Traditional methods often
involve analytical techniques, which can be time-consuming and error-prone.
That's where numerical verification methods and computer-assisted proofs come
to the rescue!
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Numerical Verification Methods: Breaking It Down

Numerical verification methods offer a fresh approach to verifying solutions of
partial differential equations. These methods rely on the use of computers and
algorithms to perform calculations and evaluate solutions. By breaking down
complex equations into discrete steps, numerical verification methods provide a
more manageable and efficient way to assess the accuracy of solutions.

One popular numerical verification method is the finite element method. This
technique divides the domain of the differential equation into smaller,
interconnected elements. By approximating the solution within each element, the
finite element method allows for a more granular assessment of accuracy. This
method is widely used in engineering and scientific simulations.

Computer Assisted Proofs: The Digital Revolution of Mathematical
Certainty

Computer-assisted proofs take numerical verification to the next level. Instead of
merely checking the accuracy of solutions, computer-assisted proofs aim to
provide complete mathematical certainty. These proofs rely on powerful
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computational tools to analyze and evaluate complex equations, ensuring that
there are no errors or loopholes.

Computer-assisted proofs often employ techniques from other branches of
mathematics, such as algebraic topology and symbolic computation. These
methods help break down the problem into more manageable components,
allowing for a thorough analysis of the equations. With the aid of computers,
mathematicians can explore vast solution spaces and ensure the correctness of
their proofs.

Advantages and Limitations

Numerical verification methods and computer-assisted proofs offer numerous
advantages over traditional analytical approaches. They provide a more
systematic and efficient way to verify solutions, reducing the likelihood of errors.
These methods are also scalable, allowing for the analysis of complex systems
that would be otherwise intractable.

However, it's essential to acknowledge the limitations of these methods.
Numerical verification is dependent on the accuracy of the algorithms and the
quality of the discretization. Small errors in approximations can accumulate and
lead to significant discrepancies in the final solution. Computer-assisted proofs,
while powerful, still require human input and interpretation. The correctness of the
proof is contingent on the validity of the underlying assumptions and algorithms.

The Future of Verification

As technology advances, so do numerical verification methods and computer-
assisted proofs. Researchers are constantly developing new algorithms and
computational tools to improve the accuracy and efficiency of these methods.



With the advent of artificial intelligence and machine learning, we may witness
even more sophisticated verification techniques in the future.

Using these cutting-edge methods, mathematicians and scientists can gain
confidence in their work, knowing that the solutions and proofs have been
rigorously verified. This newfound mathematical certainty opens doors to
groundbreaking discoveries and advancements in various scientific fields.

Numerical verification methods and computer-assisted proofs offer a paradigm
shift in the world of partial differential equations. By harnessing the power of
computers and innovative algorithms, mathematicians can unlock the secrets of
mathematical certainty. These methods provide efficient and scalable ways to
verify solutions, ensuring accuracy and reducing the likelihood of errors. While
there are limitations to these methods, ongoing research and technological
advancements continue to push the boundaries of verification. So, embrace the
future of mathematical certainty and unlock new frontiers in scientific exploration!
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In the last decades, various mathematical problems have been solved by
computer-assisted proofs, among them the Kepler conjecture, the existence of
chaos, the existence of the Lorenz attractor, the famous four-color problem, and
more. In many cases, computer-assisted proofs have the remarkable advantage
(compared with a “theoretical” proof) of additionally providing accurate
quantitative information.

The authors have been working more than a quarter century to establish methods
for the verified computation of solutions for partial differential equations, mainly
for nonlinear elliptic problems of the form -∆u=f(x,u,∇u) with Dirichlet boundary
conditions. Here, by “verified computation” is meant a computer-assisted
numerical approach for proving the existence of a solution in a close and explicit
neighborhood of an approximate solution. The quantitative information provided
by these techniques is also significant from the viewpoint of a posteriori error
estimates for approximate solutions of the concerned partial differential equations
in a mathematically rigorous sense.

In this monograph, the authors give a detailed description of the verified
computations and computer-assisted proofs for partial differential equations that
they developed. In Part I, the methods mainly studied by the authors Nakao and
Watanabe are presented. These methods are based on a finite dimensional
projection and constructive a priori error estimates for finite element
approximations of the Poisson equation. In Part II, the computer-assisted
approaches via eigenvalue bounds developed by the author Plum are explained
in detail. The main task of this method consists of establishing eigenvalue bounds
for the linearization of the corresponding nonlinear problem at the computed
approximate solution. Some brief remarks on other approaches are also given in
Part III. Each method in Parts I and II is accompanied by appropriate numerical
examples that confirm the actual usefulness of the authors’ methods. Also in



some examples practical computer algorithms are supplied so that readers can
easily implement the verification programs by themselves.
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