
Unraveling the Complex World of Harmonic
Analysis and Representation Theory for
Groups Acting on Homogeneous Spaces
Harmonic analysis and representation theory are essential branches of
mathematics that provide deep insights into the behavior of functions and
operators on various mathematical structures. One fascinating aspect of these
fields is their application to groups acting on homogeneous spaces. In this article,
we will explore the key concepts of harmonic analysis and representation theory,
unraveling their intricate connections and shedding light on their significance in
understanding the dynamics of groups acting on homogeneous spaces.

What is Harmonic Analysis?

Harmonic analysis is the study of periodic functions and the decomposition of
general functions into simpler, periodic components. It originated from the study
of musical harmonies and Fourier series, but soon found applications in various
fields, including physics, signal processing, and number theory.

In a nutshell, harmonic analysis allows us to analyze functions by decomposing
them into a sum of sinusoidal functions of different frequencies, known as
harmonics. This decomposition helps us understand the underlying structure of a
given function and extract meaningful information from it.
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Representation Theory: A Powerful Tool

Representation theory is a powerful mathematical tool that provides a systematic
way of studying abstract algebraic objects by representing them as linear
transformations of vector spaces. In the context of group theory, representation
theory enables us to study groups by associating them with matrices or linear
operators acting on vector spaces.

Representation theory allows us to break down complex group actions into
simpler mathematical objects, making it easier to analyze and comprehend their
properties. By studying representations, we can gain insights into the symmetries,
transformations, and other important characteristics of groups.

Groups Acting on Homogeneous Spaces

Groups acting on homogeneous spaces are a fundamental concept in geometry
and topology. Here, a group acts on a space in a manner that preserves its
geometric structure. The homogeneous space, in turn, consists of equivalent
points under the group action.
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Harmonic analysis and representation theory come into play when studying the
actions of groups on homogeneous spaces. By representing these group actions
algebraically and decomposing them into simpler components, we can gain a
deep understanding of how these actions shape the underlying space.

Fundamental Concepts in Harmonic Analysis for Group Actions

When considering groups acting on homogeneous spaces, there are several key
concepts in harmonic analysis that are particularly relevant. These concepts
include:

Frequencies and Eigenvalues

The concept of frequency is central to harmonic analysis. In the context of group
actions, frequencies can be defined as eigenvalues associated with the action.
These eigenvalues capture the transformation properties of the group action on
the underlying space and provide valuable information about its behavior.

Harmonic Analysis on Compact Groups

Compact groups play a crucial role in harmonic analysis for group actions. The
theory of harmonic analysis on compact groups enables us to decompose
functions on these groups into a sum of irreducible representations. This
decomposition allows us to understand the structure of these groups and analyze
their actions on homogeneous spaces.

Convolution and Fourier Transforms

Convolution and Fourier transforms are indispensable tools in harmonic analysis.
They allow us to analyze functions on groups and offer insights into their
underlying structures. The convolution theorem, in particular, connects the
Fourier transforms of convolutions to the product of Fourier transforms, enabling
efficient computations and analysis.



The Deep Connections: Harmonic Analysis and Representation
Theory

Harmonic analysis and representation theory go hand in hand, and their
connections run deep. In the context of groups acting on homogeneous spaces,
representation theory provides a language for studying these actions
algebraically, while harmonic analysis offers the tools to decompose and analyze
the functions associated with them.

Representation theory allows us to understand the transformation properties of
group actions through the study of irreducible representations, while harmonic
analysis helps us decompose functions into simpler components associated with
these representations. This symbiotic relationship between the two fields leads to
profound insights into the dynamics of group actions on homogeneous spaces.

Applications and Significance

The study of harmonic analysis and representation theory for groups acting on
homogeneous spaces has far-reaching applications in various areas of
mathematics and physics. These include:

Differential Geometry and Lie Groups

Groups acting on homogeneous spaces are intimately connected to differential
geometry and Lie groups, which play a vital role in many areas of mathematics
and physics. The techniques of harmonic analysis and representation theory
provide powerful tools for understanding the geometry and symmetries of these
spaces, paving the way for advancements in these fields.

Quantum Mechanics and Quantum Field Theory

Representation theory and harmonic analysis find extensive applications in
quantum mechanics and quantum field theory. They provide the framework to



study the symmetries and properties of physical systems, including particles and
fields, leading to a deeper understanding of fundamental principles and
phenomena in the quantum realm.

Signal Processing and Data Analysis

Harmonic analysis has applications in signal processing and data analysis, where
it helps in extracting relevant information from complex signals or datasets. By
decomposing signals into their harmonic components, one can analyze their
frequency content, detect patterns, and make informed decisions based on the
obtained insights.

Harmonic analysis and representation theory form a fascinating duo, offering
insights into the dynamics of groups acting on homogeneous spaces. By
decomposing functions into simpler components associated with group actions
and studying their representation-theoretic properties, we unravel the intricate
connections between these fields and gain a deeper understanding of various
mathematical structures and physical phenomena.

From their applications in differential geometry and quantum mechanics to signal
processing and data analysis, the study of harmonic analysis and representation
theory opens-up new avenues of exploration and reveals the underlying
symmetries and transformations that shape our mathematical and physical world.
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These notes treat in full detail the theory of representations of the group of
automorphisms of a homogeneous tree. The unitary irreducible representations
are classified in three types: a continuous series of spherical representations; two
special representations; and a countable series of cuspidal representations as
defined by G.I. Ol'shiankii. Several notable subgroups of the full automorphism
group are also considered. The theory of spherical functions as eigenvalues of a
Laplace (or Hecke) operator on the tree is used to introduce spherical
representations and their restrictions to discrete subgroups. This will be an
excellent companion for all researchers into harmonic analysis or representation
theory.
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